Abstract. Let R be a finite unitary ring such that R = R 0 [R * ] where R 0 is the prime ring and R * is not a nilpotent group. We show that if all proper subgroups of R * are nilpotent groups, then the cardinal of R is a power of prime number 2. In addition, if (R/Jac(R)) * is not a p−group, then either R ∼ = M 2 (GF (2)) or (2)) is the ring of 2 × 2 matrices over the finite field GF (2) and A is a direct sum of finite field GF (2).
Introduction
The relations between rings and their groups of units is an interesting research subject.
In [4] , Groza has shown that if R is a finite ring and at most one simple component of the semi-simple ring R/Jac(R) is a field of order 2, then the group of units R * is a nilpotent group if and only if R is a direct sum of two-sided ideals that are homomorphic images of group algebras of the form SP , where S is a particular commutative finite ring, P is about finite ring such that the group of units of ring is minimal non-X-group. In this paper, we study a finite ring R with minimal non-nilpotent groups of the units and we prove that |R| = 2 n for some positive integer n. More precisely, we prove the following theorem:
Theorem 1. Let R be a unitary ring of finite cardinality 2 a m and m is an odd number such that R * is a minimal non-nilpotent group. Then |R| = 2 a . Also, if (R/Jac(R)) * is not a p−group, then either R ∼ = M 2 (GF (2)) or R ∼ = M 2 (GF (2)) ⊕ A where A is a direct sum of finite field of order two.
In this paper, R denotes a ring with identity 1 = 0, the Jacobson radical of R by Jac(R) and for an arbitrary finite set X, let |X| denote the number of elements in X. We denote the group of units of R by R * , the order of element x in R * by o(x), and the group generated by x by x . The ring of n × n matrices over a ring R is shown by M n (R), and the center of R, is the set of elements that commute with every element of R. The centralizer of the subset X of R is the set of all elements of R which commute with every element of X is denoted by C R (X). Also, for any pair a, b ∈ R, [a, b] = ab − ba is the Lie product of a and b and R 0 [S] denotes the subring of R which is generated over R 0 , by S ⊆ R, where R 0 is the prime subring of R. The characteristic of R is denoted by CharR and GF (p m ) is a finite field of order p m where p is a prime number.
Results
We begin with the following useful lemma:
Lemma 2. Let R be a unitary finite local ring with a nontrivial minimal ideal I, also let Jac(R), the jacobson radical of R be a commutative ideal, then we have ann R (I) ⊆ Jac(R).
Proof. By Theorem 2.4 from [3] , there is an integer m such that Jac(R) m = 0. So, there exists a positive integer n, such that I n = 0 and I n−1 = 0 where 2 ≤ n ≤ m. Since 2n − 2 ≥ n, we see that I 2 = (I n−1 ) 2 = 0. Therefore n = 2. Let u ∈ I and h ∈ Jac(R).
srhu.
which is a contradiction. So hu = 0 for all h ∈ Jac(R), and hence Jac(R) ⊆ ann R (I). ✷ 
Let R be a finite ring such that |R| is an odd number. In the following theorem, we
show that R * is not a minimal non-abelian group.
Theorem 5. Let R be a finite ring of order m, where m is an odd number. If every
proper subgroup of R * is an abelian group, then R is a commutative ring.
Proof. Consider the finite ring R which is minimal subject to this condition such that R is not a commutative ring. Since every maximal subgroup of R * is abelian, we have R * is a minimal non-abelian group. By Lemma of [2] , every ring with identity element of order p or p 2 for prime number p, is a commutative ring. So we may assume that |R| ∈ {p, p 2 }. Let
S be a proper subring of R. It follows from Lemma 3 that R = R 0 [R * ], and hence S * = R * .
By assumption S * is an abelian group and by Lemma 3, S = S 0 [S * ], is a commutative ring. So every proper subring of R is a commutative ring. Let |R| = p
k be the canonical decomposition of |R| to the prime numbers p i . Then we know that
By minimality of R, we have R i is a commutative ring for all i and then R is a commutative ring, which is a contradiction.
So suppose that |R| = p β where p > 2 is a prime number. We have two cases in respect of radical jacobson, either Jac(R) = 0 or Jac(R) = 0:
where D i is a finite field. If t > 1, then by minimality of R and Remark 1, every
is commutative, and so R is commutative, which is a contradiction. It follows that t = 1, and so R ∼ = M n (D), where D is a finite field and n is a positive integer. Since R is not a commutative ring, we have n > 1. It follows from (M n (D)) * ∼ = R * that R * is not a nilpotent group. Therefore R * is a minimal non-nilpotent group. But Sylow 2−subgroup of R * is neither cyclic nor normal, which is a contradiction by Theorem 4(iii).
Case2. Let Jac(R) = 0. First suppose that R * is a nilpotent group. Since −1 ∈ R * and o(−1) = 2, we have 2 | |R * |. Since Jac(R) = 0, by Lemma 1.
is a p−group. Let P ∈ Syl p (R * ) and K be a subgroup of R * such that R * = P K and 1 + Jac(R) is a p−group, so we may assume that r = p and q = 2. Since (R/Jac(R)) * = R * + Jac(R)/Jac(R), every proper subgroup of (R/Jac(R)) * is an abelian group. By minimality of R, we have R/Jac(R) is a commutative ring. Then [R, R] ⊆ Jac(R).
Let P ∈ Syl p (R * ) and Q ∈ Syl 2 (R * ). By Theorem 4(iii), either P ✁ R * or Q ✁ R * .
We claim that P ✁ R * . Otherwise, by Theorem 4(iii), P = z is a cyclic subgroup of R * where z ∈ P . Since 1 + Jac(R) ≤ P , there is a positvie integer i such that
Since H ✁ R * and R * is a non-nilpotent group, H = P . Since
HQ is an abelian subgroup of R * and R = z, Q , we have H ≤ Z(R * ), and so H ≤ Z(R).
Therefore, Jac(R) ⊆ Z(R). Since [R, R] ⊆ Jac(R), we have uv − vu ∈ Jac(R) for all u, v ∈ R * . It follows that uvu
, and so uvu
for all u, v ∈ R * . Hence R * is a nilpotent group, which is a contradiction. Therefore P ✁ R * , as claimed. By Theorem 4(iii), Q = x for some x ∈ Q. We claim that R is a local ring. Otherewise, let {M 1 , ..., M k } be the set of all maximal ideals of R,
we see that Q is not a cyclic group. But (R/Jac(R)) * = R * + Jac(R)/Jac(R) = P Q + Jac(R)/Jac(R), and then Q is not a cyclic group, which is a contradiction. Hence k = 1, as claimed. Let M = Jac(R). Since 1 + M is an abelian group, M is a commutative ideal. Since R/M is a finite field, M is not a central ideal. So there exits w ∈ M such that wx = xw. By minimality of R, we have R = R 0 [w, x]. Let I be a minimal ideal of R. We follow the proof by separating it in two subcases, either
Subcase 1. Let 0 = a ∈ Z(R) ∩ I. By Lemma 2, M ⊆ ann R (I) = {r ∈ R : rs = 0 f or all s ∈ I}. Since R/M is a finite field, we have M = ann R (I). It follows from a ∈ Z(R) that I = Ra is two sided ideal. Since R/M is a finite field, we have
It follows that ya = x i a + sa = x i a, and so I = {0, xa, ..., x n a} ⊆ M. Since
we have x i a ∈ Z(R), and so I ⊆ Z(R).
By minimality of R, we have R/I is a commutative ring, so [R, R] ⊆ I ⊆ Z(R). Then
, and hence R * is a nilpotent group, which is a contradiction. I is a minimal ideal and M 2 is an ideal, I ⊆ M 2 ⊆ Z(R), which is a contradiction.
Hence M 2 = 0, and so by considering R as a local ring, for all s ∈ M \ {0}, we have
we have l = n i x i + c where c ∈ I and n i ∈ R 0 . Therefore and Q ∈ Syl 2 (R * ). Let I be a minimal ideal of R that is contained in Jac(R). Then Since uvu
, and so R * is a nilpotent group, which is a contradiction.
Case2. Let I ∩ Z(R) = 0. First suppose that 1 + I = P . Since 1 + I ✁ P , there exists c ∈ I \ {0} such that 1 + c ∈ Z(P ). We have (1 + I)Q is a proper nilpotent subgroup of R * . Then 1 + I ≤ C R * (Q), and so c ∈ Z(R), which is a contradiction. Therefore 1 + I = P is an abelian subgroup of R * . By Theorem 4, either P is cyclic or Q is cyclic.
Since 1 + I = P ✁ R * , by Theorem 4, Q is cyclic. Since P is an abelian group and Q is cyclic, every proper subgroup of R * is an abelian group, which is a contradiction by Theorem 5. ✷ If 2 | |R|, then the above theorem is no longer valid. For example, let R be the set of all 2 × 2 matrices over the finite field GF (2). Then R * ∼ = S 3 , where S 3 is the symmetric group of order 6 and clearly, S 3 is a minimal non-abelian group. For simplicity, let ∆ be the set of all rings R in which either R ∼ = M 2 (GF (2)) or R ∼ = M 2 (GF (2)) ⊕ A where A is a direct sum of finite field of order two. (a) If Jac(R) = 0, then R ∈ ∆.
(b) If Jac(R) = 0, then (R/Jac(R)) * is a cyclic p−group for some odd prime number p.
Proof. (a) We proceed the proof by induction on β. Since R is a simple artinian ring, by the structure theorem of Artin-Wedderburn, we have R ∼ = t i=1 M n i (D i ), where every D i is a finite field. If t = 1, then R ∼ = M n 1 (D), and clearly, n 1 = 2 and D ∼ = GF (2), so R ∈ ∆, and we are done. Let t > 1. First suppose that n i > 1 for some 1 ≤ i ≤ t. By Remark 2, if M n i (D i ) is a minimal non-abelian group, consequently, n i = 2 and D i = GF (2). If for some j = i, we have n j > 1, then R * is not a minimal non-abelian, which is a contradiction.
Therefore M n j (D j ) ∼ = D j for all j = i. Let H ≤ R * such that H ∼ = (M n i (GF (2))) * . If |D * j | > 1 for some j = i, then R * = H, and so H is a non-nilpotent proper subgroup of R * , which is a contradiction. Consequently, D j ∼ = GF (2), and hence R ∈ ∆.
(b) Suppose for a contradiction that (R/Jac(R)) * is not a p−group. Let β be the smallest positive integer number such that R * is a minimal non-nilpotent group and (R/Jac(R)) * is a p−group. By Theorem 4, we have R * = P Q where P ✁ G and Q is a cyclic Sylow subgroup. Let I Jac(R) be a minimal ideal of R. It is easy to see that char(I) = 2 and I
